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GRAPHS OF ELEMENTARY FUNCTIONS

fx) = x
Domain: (-0, )
RangC: ’ ('°°’ °°)

Intercepts: ©, 0
Symmetry:  origin

f(x) = x2
Domain: (-00, o)
Range: [0, o)

Intercepts: 0,00
Symmetry:  y-axis

f(x) = xn,
n an even positive integer
Domain: (o0, o0)
Range: [0, o)
. Intercepts: ©, 0)
Symmetry:  y-axis
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Domain:
Range:
Intercepts:

Range:

Intercepts:
Symmetry:

Domain:

Range:

Intercepts:
.Symmctly:

f(x) = l\‘/;

n an even positive integer
[0, o)

[0, =)

©, 0

f(x) = :v_;

fx) = Vx

n a positive odd integer
(w00, o0)

(-00, o0)

©, 0)

origin
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f(x) = %

Domain: (-0, 0) U (0, =)
Range: (-o0, 0) U (0, =)
Intercepts: none

Symmetry:  origin
Asymptotes: x=0,y=0

= 1
f(X) —-;—2—

Domain: (00, 0) U (0, )
Range: (0, =0)
Intercepts: none

Symmetry:  y-axis
Asymptotes: x=0,y=0

f(x) = Th

Domain: (~00, 0) U (0, =)
Range: (0, o)
Intercepts: none

Symmetry: = y-axis
Asymptotes: x=0,y=0




f(x) =YVa2 - x_2

Semi-circle of radius a
Domain: [-a, a]
Range: [0, a]
Intercepts:  (-a, 0), (a, 0), (0, 2) : :
Symmetry:  y-axis S R SR ......

fx) =V¥x2 - a2
positive part of a hyperbola

Domain: (-o0, -a] U [ a, o0)
Range: [0, <) : : : :
- Intercepts:  (-a, 0), (a, 0) L R IR S M SR .
Symmery:  y-axis | S04 N T T O T
| | t 1' ! ;
4 x -2 0 2 4

Domain: (~00, 0)
Range: (0, =) . : : : :
Intercepts: (0' 0) 2+ _ ...... REETERE SRR RRRP Teeenn
Symmetry:  y-axis :




f(x) = Ix!

Range: [0, =)
Intercepts: ©, 0)
Symmetry:  y-axis

fx) = l—il

Step function
Domain: (-0, 0) U (0, =)
Range: y=-1,y=1 only
Intercepts: None -
Symmetry:  origin

f(x) = [x]
Greatest integer S X
Domain: (~00, ©°)
Range: the set of all integers
Intercepts: (0, 0)
Symmetry:  none
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f(x) = bx b>1

fx) = logb X,

exponential function
Domain: (-00, =0)
Range: (0, =)
Intercepts: ©, 1)
Symme&y: none
Asymptotes: y=0
. f(x) = bx, b>1

Domain: (-00, o)

- Range: (0, o)
Intercepts: O, 1
Symmetry:  none
Asymptotes: y=0

logarithmic function

Domain:
Range:
Intercepts:
Symmnietry:
Asymptotes:

(0, <)
(~00, o)
1, 0)
none
x=0

b>1

In x

logio x




f(x) = sinx

Domain: - (-00, ©°)

Range: (-1, 1]

Intercepts: X = N7, 0 an integer
y=0

Symmetry:  origin

Period: 2%

f(x) = cos(x)

Domain: (-0, o)
Range: [-1, 13
Intercepts: x=(2n +1) 1‘2—
y=1
Symmetry: - y-axis
Period: 2r
f(x) = tanx

Domain: x#(2n+1) 121

Range: (o0, o)
Intercepts: X=nTn
y=0
' Symmetry:  origin
Period: T




- ~ 1
f(x) = CSC X pron

Domain: = x#nmw
Range: lylt=21
~ Intercepts: none

Symmetry:  origin
Period: 2r

f(x) = secx = 1

Cos X

Domain: x# (2n + 1)12‘1:-

Rangc:' lyl>1
Intercepts: y=1
Symmetry:  y-axis
Period: 2n

f(x) = cotx = 1

tan x
Domain: X#NnW
Range: ~ (-00, o0)

Intercepts: x =(2n +DE

Symmetry:  origin
Period: T
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SYMMETRY

x,y)® (x, y)

%, -9) * &)

The diagram above shows the necessary conditions for symmetry about the axes
and the origin.

The graph of a relation is symmetric to

1. the y-axis if for all points (x, y) on its graph, the point (-x, y) -
is also on the graph.

2. the x-axis if for all points (x, y) on its graph, the point (x, -y)
is also on the graph.

3. the origin if for all points (x, y) on its graph, the point (-x, -y)
is also on the graph.

For symrhetry to the axes, the axis can be regarded as the surface of a mirror.
For point symmetry to the origin, if we draw a line from the point (x, y) through

the origin, the point (-x, -y) will lie on the line an equal distance on the other side
of the origin.
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RULES FOR DETERMINING SYMMETRY

The graph of a relation is symmetric to
1. the y-axis if replacing x by -x yields an equivalent relation.
2. the x-axis if replacing y by -y yields an equivalent relation.
3. the origin if replacing x by -x and y by -y yields an
equivalent relation. ' '
EXAMPLE. Determine the symmetry of the following relations:
a. y = 3x2-2
b. y =4x3-1
c. y=x3-x
d x2+y2=1
a.  To y-axis oy = 3(x)2-2 > y=3x2-2
YES
To x-axis -y = 3x2-2 > y=-(3x2-2)
NO '
To origin y = 3(x)2-2 -> -y= 3x2 -2
NO -
y=3x2-2

Symmetry to the y-axis

12




b. y=4x3-1

To y-axis: y=4(x)3 -1 > y=-4x3-1
No.

To x-axis: -y=4x3 -1 > y=-4x3+1
No.

To origin: -y=4(-x)3 -1 > y=4x3+1
No. y=4x3-1

No symmetry. 27

C.
To y-axis: =-x3+x
No.

To x-axis
No.

To origin: =
Yes.

y=-x3+x

y=x3-x

Symmetry to origin

13



d. x2 +y2 =1

To y-axis: (x)2+y2=1 > xZ+y2=1
Yes. »
To x-axis: x2 +(-y2=1 > x2+y2=1
Yes.
To origin: (x)2+(¢y)2=1 -> x2+y2=1
Yes.
e

Symmetric to 037

both axes | 0 -

and origin.

-1 x-05 0 0.5 1

Note that if the graph of a relation is symmetric to both the x and y-axes, it is
symmetric to the origin. The converse is not true. A relation may be symmetric to
the origin, but not to the axes. Consider the graph of

-=2 x\o 2

The graph is symmetric to the origin, but not to either axes.
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ODD AND EVEN FUNCTIONS
DEFINITION S

I. A function is said to be even if, for all x in its domain,
f(-x) = f(x). ‘

2. A functions is said to be odd if, for all x in its domain,
f(-x) = - f(x).

Symmetry of Odd and Even functions

From our previous discussion of symmetry, f(-x) = f(x) implies that if we replace the x-
coordinate by - x, the y-coordinate remains the same. This is the equivalent of saying that if (x, y)

is on the graph of f, (-x,y)is also on the graph. Therefore, the graph of an even function is
Symmetric to the y-axis. ,

Similarly, f(-x) = -f(x) implies that if we replace the x-coordinate by -x, the

y-coordinate becomes - y. This is the equivalent of saying that if (x, y)is on the graph of f,

(-, -y) is also on the graph. Therefore, the graph of an odd function is symmetric to the origin.
Note that the graph of f cannot be symmetric to the x-axis, because then it would not be a function
(It would fail the vertical line test for a function; for values of x, there would be two values of y).

- Summarizing

1. If f is even, that is, if f(-x) = f(x), then the graph of f
is symmetric to the y-axis.

2. If f is odd, that is, if f(-x) = - f(x), then the graph of f
is symmetric to the origin.

3. It is possible for a function to be neither even nor odd.

15



EXAMPLES OF EVEN FUNCTIONS

f(x) = x2
£(x) = (X)2 = x2 = £(x)

f(x) = x| _
f(—x)=|-x_|=lx|=f(x)

fx) = 3x4 -1
f(-x) =3(x)4-1= 3x4 - 1 =1(x)

f(x) = cos(x)
£(-x) = cos(-x) = cos(x) = f(x)

16




fx) = x2B = Vx2
f-x) = ¥ (-xP = Vx2 = fw)

f(x) = TL
X’ - 2x
f(- x) = ¥-x) -3x

f(x) = log|x|
f(-x) = log|-x| = log|x| = f(x)

17




EXAMPLES OF ODD FUNCTIONS

1. f(x) = x3

f(x) = (393 = - 3 = - () .
| y
L R R TR R A
2f x O 2
2. f(x) = 4x3-2x

f(_x) = 4(-x)3 - 2(-x) - 4x3 + 2x 2 P T s NN IR

- (4x3 - 2%) =- f(X) ol

y|
24 ........................

f(x) = —2X
(x) 2.1

2(-x) - =2X
(x*-1. x2-1
= - B = -f(x)

<2 -

f(-x) =

f(x)=xVx4-1

f(x) = (xW (-1
=-x¥xt-1=-fx)

18



5. f(x) = sin(x)
f(x) = sin(x) = - sin() =- f(x)

4 sin(x)
Y2 + cos(x)
f(-x) = 4 sin(-x) _ _-4sin(x)
Y2+cos(x) V2+cos(x)
4 sin(x)

=- ——2 2 _ _f
. Y 2+ cos(x) )

f(x) =

f(x) = xe*

f(-x) = (x) e® = _xex’

- £(x)

19



POLYNOMIAL FUNCTIONS

If f(x) is a polynomial function, i.e.,

f(x) = apx" + apx"! + ..+ ax2 + a;x + o
where n is an integer = 0, then

1. f is an even function if all the exponents of the x-terms are even.
2. f is an odd function if all the exponents of the x-terms are odd.
3. f is neither even nor odd if the exponents of the x-terms are a

mixture of even and odd integers.

EXAMPLE: Determine whether each of the following polynomial

functions are even, odd, or neither.
a.  fx)= 3x4-2x2+7

Note that the constant term 7 is equivalent to 7x9.

The exponents of x are all even. Therefore f is even.

f(x) = f(x)

b. f(x) = 3x3- 4x3 X
The exponents of x are all odd. Therefore f is an odd function.
f(x) = -fx) |

c. fx) =x3+3x-5

The constant term - 5 is equivalent to - 5x0.
The exponents of x are a mixture of odd and even integers.

Therefore f is neither even nor odd

f(x) = (x3+3(x)-5 = - x3-3x-5 # fx)or -f(x)

20



'PRODUCT AND QUOTIENTS OF EVEN AND ODD FUNCTIONS

The rules for the product and quotients of even and odd functions are very similar to the rules for
multiplication and division of signed numbers, if we think of an odd function as a negative and an
even function as a positive. : R

1.
2.
3.

The product or quotient of two even functions is even.
The product or quotient of two odd function is even
The product or quotient of an even and odd function is
odd. ‘ ”

We prove the first part of Rule 2.

Let f(x) and g(x) be odd functions and let w(x) = f(x)g(x).
Prove that w(x) is an even function. ‘

f(x)v is odd implies f(-x) =-f(x). g(x) is odd implies g(-x) =- gx)

w(-x) = f(-x)g(-x) = [-f(x)] [-gx)] = f(x)g(x) = w(x). Therefore w is even.

EXAMPLES: Determine whether each of the following functions is

e oo

even, odd, or neither.

a. f(x) = xVx2+1

b. fx) = —2X ‘
( x3 + 4x

c. fx) = x3sinx

d f(x) = COSX_
X + 1

odd times even: fis odd.

odd divided by odd: fis even

odd times odd: fis even

even (cos x) divided by a function neither even nor odd.

f is neither even nor odd.

21



SYMM_ETRY OF THE ELEMENTARY TRIGONOMETRIC FUNCTIONS

Of the six elementary trigonometric functions, 2 are even, the cosine

and its reciprocal, the secant. The other 4 are odd. This implies that -

cos(-x) = cos(x) symmetry fo y-axis
sec(-x) = sec(X) "
sin(-x) = - sin(x) symmetry to origih
csc(-x) = - csc(x) "
tan(-x) = - tan(x) | "
cot(-x) = - cot(x) "

Remembering which functions are even and which are odd is a handy way of remembering the
trigonometric identities above.

THE FUNCTION f( Ix])

The function f( Ix!), formed by everywhere replacing x in f(x) by Ixl, is
always an even function, regardless of whether f is even, odd, or neither.
This is because f(l-xl) = f(Ixl) for all x.

EXAMPLES:
f(x) = sin(x) is odd, but g(x)=f(Ixl)=sin ix! is even.

f(x) = x4 + 3x2 + 5 is even, and 50 is g(x) =Ixi4+ 31xI2 + 5.

f(x) = x + 1 is neither even nor odd, but gx) = f(xl) = Ixl + 1 iseven.

The concept of even and odd functions will be important later on in calculus.
Among other things, calculations involving the definite integral can be simplified
if the function is even or odd.

22



I TRANSFORMATIONS |

Knowing the graphs of the elementary functions, we can quickly sketch the
graphs of many other functions by recognizing them as transformations of the
plane, either translations or reflections.

Horizontal Translations
The Graph of f(x - h)
The graph of f(x - h), h a constant, is a horizontal translation of

the graph of f(x) by h units, to the right if h >0 (h positive),
to the left if h <0 (h negative).

Vertical Translations
The graph of f(x) + k

The graph of f(x) +k, k a'constant, is a vertical translation of
the graph of f(x) by k units, up if k >0, down if k <0.

23 P



gx) = f(x - 2) Horizontal translation 2 units to the right.

, fx) =1x1

g(x)=f(x-2)=|x-2|

g(x) = f(x) - 2. Vertical translation 2 units down.

f(x) = x|

g(x)=f(X)-2=lxl-2

Note the difference between a horizontal and a vertical translation. For a horizontal translation, we
replace x by x-h, whereas for a vertical translation we simply add a constant k to the original

function.

24



8(x) = f(x + 3) = f(x - -3). h is negative. Horizontal translation 3 units to the left.

L g(x) = f(x + 3) = (x + 3)}

g(x) = f(x) + 3. Vertical translation 3 units up.

gx)=f(x) +3=2+3

f(x) = 0

25 @



g(x) = f(x -1). Horizontal translation 1 unit to the right.

gx)=fx-1)=(x- 1)2-2(x-1)

g(x) =f(x) - 1. Vertical translation 1 unit down.

f(x) =x2-2x

26



gx) =fx+2)=1(x - -2)

Horizontal translation 2 units to the left.

I |/ S SRR
~+—f —t
4 x-# 0
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 g(x)=f(x-1)  Horizontal translation 1 unit to the right.

gx) =1(x) -1 Vertical translation 1 unit down.

28



We can combine both horizontal and vertical translations.

g(x) =fx-2)+1 Horizontal translation 2 units to the right.

Vertical translation 1 unit up.

f(x) = x2 | gx)=fx-2)+1=(x-2)2+1
‘ .

41 - \" N [ ,
oLl A\ L fed
0
3 IR ESTPPONS N e
¥ : S
B R R . ....... .

4 x -2 0 2 4

gx)=f(x+1)-2 - Horizontal translation 1 unit to the left.

Vertical translation 2 units down.

| S
x+12
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REFLECTIONS ACROSS THE AXES

Reflections Across the Y-axis

The grabh of f(-x) is a reflection of the graph of f(x) across the
y-axis (that is, the graph of f(-x) is a mirror image of the graph
of f(x) across the y-axis). '

Note: Do not confuse this with the concept of an even function. f(x) is even and symmetric to the y-
axis if, for all x, f(-x) = f(x). But in general, the graph of f(-x) is not necessarily symmetric to the
y-axis (if f(x) is not.) The graph of f(-x) is the mirror image of f(x) across the y-axis. Of course, if
£(x) is even to begin with, then the, graph of f(-x) is a mirror image of itself. Sort of like a
narcissistic function. The problem with being narcissistic is that it's so easy to fall in love with one-
self. But I digress... What? You don't know who Narcissus was?

Reflections Across the X-axis.

The graph of - f(x) is a reflection of the graph of f(x) across the -
x-axis (that is, the graph of - f(x) is the mirror image of the graph
of f(x) across the x-axis.)

The above should make sense. f(x) is the y-coordinate. So making the y-coordinate the opposite
while keeping x the same should give us a mirror image of the point on the other side of the
X-axis.

30



g() = f(=x)

4 -

g(x) = f(-x) =v=X 2

Reflection across the y-axis.

g(x) = - f(x)

Reflection across the x-axis.

...............................
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g(x) = f(-x) Reflection across the y-axis

g(x) = f(-x) =2% f(x) = 2%

g(x)=-f(x)  Reflection across the X-axis.

f(x) =2*

..................

4
g(x) = - f(x) = - 2%

32



If f(x) is an even function, then f(-x) = f(x) for all x, and the graph of f(-x) is
identical to the graph of f(x).
f(-x)=1f(x) f even

g(x) = f(-x) = f(x) The graphs of f and g are identical.

g(x) = f(-x) = (-x)? = x2 = f(x)

f(x) = x2
4_... ....................... f oo
1 ETEEERERRER) CEREE SRPRY 2 ...........
0 :
%1 OEURRIE SRS PO ....
4 :
_4__....-.....-....... .......: ...........
{ } } }
4 x 2 0o 2 4

If f(x) is an odd function, then f(-x) = - f(x) for all x, and the graph of f(-x) is a
reflection of the graph of f(x) across both the x and y-axes.
f(-x) = - f(x) f odd
g(x) = f(-x) = - f(x)
- Reflection across both x and y-axes.

g(x) = f(-x) = (-x)* = - ¥ = - f(x)

4 -

2_

...............

..................

0

24

................

..................
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We can combine both translations and reflections.

fx)=1xl
fx-2)=1x-2l
-fx-2)=-1x-2

-fx-2)+3=-1x-21+3

34



OTHER TRANSFORMATIONS
Vertical Stretching and Shrinking
%’ | The graph of k f(x), k a constant, is a vertical stretching or shrinking
of the graph of f(x): A stretching, if k > 1; a shrinking if k < 1.

Basically, this means that for k > 1, the y-coordinate will increase more rapidly, and the
graph will look steeper. For k < 1, the y-coordinate will increase less rapidly, and the
graph will bc less steep.

f(x) = sin(x) ------

f(x) = % sin(x)

£(x) =2 sin(x) ———

35



Horizontal Stretching and Shrinking

The graph of f(kx) isa horizontal stretching or shrinking of the
graph of f(x); a stretching if k<1, a shrinking if k> 1.

f(x) = sin(x) ------
f(x) = sin (2x)

f(x) = sin (% X) m—

36



ABSOLUTE VALUE FUNCTIONS

Definition of absolute value:

{ u, for u 20

ful
. u, for u <0
EXAMPLE 1
Ix}-3|—{ x-3, for x-320 _ x-3, for x23
-(x - 3) for x-3<0 3-x, for x<3
EXAMPLE 2
{ x2-4, for x2-420 { x2-4, forx<-2 or x>2
(x2-4), for x2-4<0 U 4-x2, for -2<x<2
EXAMPLE 3.
| - 5x, for x20 x2 - 5x, forx2>0
Ix2 - 51 = ’ = ’
x Sl {(-x)z-S(-x),for x<0 {x2+5x,for x<0
EXAMPLE 4. Let the domain of sinx be [0, 2x). Then

sinx, for sinx 20 { sinx, for 0<x<xw

lsinxl:{ ) : = [ §
-sinx, for sinx <0 -sinx, for A <x<2®

There will be occasions in calculus when we will need the above techniques to
rewrite absolute value functions without using absolute value notations. Often,
doing so will simplify the problem.
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THE GRAPH OF | f(x) |

The deﬁnition of absolute value gives us an insight into how to quickly sketch the
graph of 1 £(x) |, if we know the graph of f(x). |

_ f(x) , for f(x) 20
JOTES _f(x) , for f(x) <0

For those values of x for which the y-coordinate is positive or 0, the graph of
| f(x) | is exactly the same as the graph of f(x).

For those values of x for which the y-coordinate is negative, the graph of

1fx) ! isa reflection of the graph of f(x) across the x-axis [ -f(x) ].

In other words, the graph of | f(x) | lies entirely on and above the X-axis,
y 2 0 for all x.

To sketch the graph of | f(x). | =
1. Sketch the graph of f(x).

2. Reflect across the x-axis any portion of the graph of f
that lies below the x-axis.

38



EXAMPLE 1. Let f(x) = 4 - x2. Sketch the graphs of f(x) and | f(x) I.

f(x) = 4 - x2 is a parabola that opens down with y-intercept 4 and x—intércepts +2.

Graphing can be an aid to rewriting an absolute value function without using
absolute value notation (rather than going through the formal definition and

solving an inequality). From the graphs above, we see that for -2 <x <2, | f(x) |

is the same as f(x), and for x < -2 or x> 2, | f(x) | = - f(x). Therefore,
|4-x2|={ 4'X2,f0r 2<x<52
x2 - 4, for x<-2 or x>2

39



EXAMPLE 2.  On the same set of axes, sketch the graphs of
fx) =x2-x-2 and g(x) = [fx) | =1x2-x-21

We first sketch f(x) =x2-x-2=(x-2)(x+1). Itisa parabola that opens up
with y-intercept -2 and x-intercepts -1, 2. Then we reflect across the x-axis the
portion of the graph of f that lies below the x-axis. The dashed line is the graph
of £, the solid line is the graph of If1. :

Again, we use the graph as an aid in rewriting the absolute value function.
For x<-1 or x22, | f(x) | is the same as f(x).
For -1<x<2, [ fx)! is the opposite of f(x). Therefore

x2-x-2, for x<-1 or x22

| x2 - -2l =
x0- % { 7+x-%x2, for -1<x<2
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EXAMPLE 3.  Sketch the graphs of sinx and |sinx|.

1 : . T . . P

Note that although the period of sin x is 2m, the period of Isinx | is 7.

EXAMPLE 4. Sketch the graphs of Inx and IInx|.




THE GRAPH OF f(| x |)

By the definition of absolute value,

'= f(x), for x20
fixh { f(-x) , forx<0-

From the above definition, we see that for positive or zero X, thgkgraph of f(lx1)
is identical to that of f(x). For negative x, the graph of f(l x 1) = f(-x), ie., itisa

reflection of f(x) across the y-axis.

TO SKETCH THE GRAPH OF f(| x ]):

1. Sketch the graph of f(x) for x 2 0.
2.  Sketch the mirror image of the above portion of f(x)

across the y-axis.
f(x) = x2-4x f(ix!) = IxI2 - 4ixl

I R L R DR R I R A Il

|
L]
4x2 0 2 4 4x2 0 2 4

x2-4x, for x20

— Ixl? . =
f(xl) = k-4 = {500 2 N0
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EXAMPLE.

..................

EXAMPLE.

Sketch the graphs of f(x)=x and f(Ix)=1Ix1

..... \ < f(Ix]) = Ix|

..................

{- X, for x>0
-X, for x <0

Sketch the graphs of f(x) =eX and f(lx[)=elx!

f(Ixl) = eix!

f(Ixl) = el =

{ ex, for x=20
eX, for x<0



EXAMPLE. Sketch the graphs of f(x) = sinx and f(xI)=sinll

et it
6x4 2 0 2 4 6x4 2 0 2 4 6

s _ sinx, for x20
f(ixl) = smn Ixl = { sin -x = - sin x, for x<0
EXAMPLE. Sketch the graphs of f(x) =Inx and f(xD=In ixl

f(x) =In x (<)) =1n I«

— - Inx, for x=0
f(ixl) =1n xl = in -x, for x <0



A COMPARISON OF THE GRAPHS OF |f(x) | AND f( x |)

Unlike | f(x) I, which has always positive or zero y values, f(lx 1) canhave

negative y values, as you have seen from the graphs on previous pages.

f(I x 1) is always an even function and symmetric to the y-axis, because
fl-x1) = ftx ) for all x, whereas | f(x) | may be odd, even, or neither.
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INVERSE FUNCTIONS

Intuitively, the inverse of a function ' undoes” what the function does. If the
function squares a number, the inverse will take its square root. If a function

doubles a number, the inverse will halve it. The notatlon for the inverse function
of f(x) is f-1(x), (read as f inverse, not f to the -1). The -1 is‘g notation, not an
exponent. R

£l 1
) * 0

. Domain of f(x) Range of f(x)

-1
Range of £1(x) S
Domain of f1(x)

The diagram above shows another way of looking at what the inverse of a function does.
The function f acts on a number in its domain, a, and maps into b, which is in the range of f,

ie., f(a)= b The function f-1 undoes this. It takes the number b in its domain (the domain of f-1

is the range of f) and maps it into a, f-1(b) = a, which is in its range (the range of f1 isthe
domain of f). Thus

f(f-1(a)) = a and f-1(f(a)) = a

If one function undoes what the other does, then if you start with a, you wind up with a.
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FINDING THE INVERSE OF A FUNCTION

The fact that the domain and range of inverse functions are switched gives us a

procedure for finding the inverse of a function. It is a two-step procedure.

1. switch the x's and y's in the equation
Ny,

solve for y

EXAMPLE 1.  Find the inverse of f(x)=3x -1

y =3x -1
X =3y -1
x + 1 =3y

y = flix) = ’—‘-————; 1

EXAMPLE 2.  Find the inverse of f(x) = x3 +2

y =x3 + 2
x =y + 2
x-2=y3
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EXAMPLE 3. Study this example carefully. Students always seem to

have trouble remembering this technique.

Find the inverse of f(x) = X 2
2x + 1

y = X=2_

2x + 1

- y-2

2y +1

x(2y+1) = y-2

Here is where students usually first get stuck on this kind of problem. Let's think about it. We
wish to solve for y, that is, we wish to get y by itself on one side, and every non-y term on the
other side. First we distribute x on the left side.

2xy + X = y -2

Having survived the previous hurdle, here is the second place students usually get stuck. If we
keep our objective in mind, it's easy. We want y by itself on one side. So get all the terms
_containing y on one side, and all the non-y terms on the other side.

2Xy -y =-X-2
And here is where 90% of the 10% who make it this far give up. What to do? Well, you want ¥.
by itself? So extricate it from this mess. Factor it out!
y(2x-1) = -x-2

The next step is obvious. Divide.

='1 = = -
y = £ (x) —K——2—2x_1

The next stép is not necessary. It's for safety reasons only. Dangling negatives are dangerous.
They often get lost in the shuffle; what students often refer to as *dumb mistakes." I don't know
what they're talking about. I've been teaching for 20 years, and I've never seen a smart mistake.
But I do know that he is called wise who minimizes the number of negative signs. To do this,
multiply the right side by a form of 1 (one).
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Thus, f!(x - X+2
" (x) 1-2x

Now go back to the previous page and go through the techniques for the solution again.

AND REMEMBER IT!"

The Solution to a Vexing Problem:

A Clever Way to Find the Range of a Rational Function

Generally, finding the domain of a function over the set of real numbers is
relatively easy. We need to be on the look-out for division by zero, square roots
of negative numbers, and definitions of some special functions. Finding the range
- of a function is sometimes not so .easy. Often we need to resort, or think about,
the graph of the function. We now have at our disposal another technique.

Since the range of f(x) is the domain of f-1(x), and domains are generally easier

to find, we can find the range of f(x) by finding the domain of f-1(x).

How clever! See Example 4 that follows.

49 - S



EXAMPLE 4. Find the domain and range of the function defined in

Example 3 above:

£(x) = x-2
) 2x +1

The domain of f is x¢-%

The range of f is the domain of fl(x) = i‘ _"'23{
£+L
y#+s «

Domajn ' Range1

f(x) X # "% y#+3
1 1

-1 1 1
f-1(x) X #+5 y#-1

The graphs of f and £-1 are shown below. Note the difference in the horizontal and vertical
asymptotes.
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GRAPHS OF INVERSE FUNCTIONS

We havc said, over and over again, that for inverse function, the domain of f is the range of 1,
and the range of f is the domain of f-1. Again, this means that if f(a) = b, then f-1b) = a.
How does this concept relate the graphs of f and 19
Let us take a look. ;
Suppose the point (2, 3) is on the graph of f. Then the point (3, 2?‘& on the graph of f-1.
‘If (-1,2) is on the graph of f, then (2, -1) is on the graph of f-1. Let-us plot these points.

3.

[
] 1
-3-2xi0123

The dashed line in the graph above is the line y =x. If we consider y =x as the surface of a

mirror, then we see that corresponding points on f and f-1 seem to be mirror images of each
other. This is true in general for all pairs (a, b) and (b, a). We can conclude the following:

The graphs of f and f-1 are mirror images of

-~ each other across the line y = x.
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Below are the graphs of inverse pairs of functions

f(x)=2x+1
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Some functions are their own inverses, such as

fx) = L =f1(x)
Note that f(f!(x)) =

5
1
X
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ONE-TO-ONE FUNCTIONS

DEFINITION OF A ONE-TO-ONE FUNCTION

A function is said to be one-to-one if and only if for every value of
x in its domain there is exactly one value of 'y in itsirange, and for

every value of y in its range, there is exactly one value of x in its
domain. |

Consider f(x) = x2, whose graph is shown below.

We see that although f is a function, énd for every value of x there is only one
'value of y, it is not a one-to-one function because for each value of y there are
two values of x. For instance, when y = 4, x =+ 2. Note that although the graph
of f passes the vertical line test for a function, it does not pass' a horizontal line

test, that is, a horizontal line intersects the graph at more than one point.
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Now consider the function f(x) = x3

6.—
4_

2—

The above function fits our definition of a one-to-one function given on the previous page. Also
note that all vertical and horizontal lines do not intersect its graph at more than one point. This
. gives us an easy method for determining whether a function is one-to-one.

A function is one-to-one if it passes both the vertical and horizontal
line test, i.e., if all vertical and horizontal lines do not intersect its

graph at more than one point.

Returning to the function f(x) = x2 on the previous page. WE could make it one-to-one by’
restricting its domain to x > 0. Its graph would then look like the one shown below. We will use
this technique to ensure that the inverse of a function is also a function.

f(x)=x2, for x20




When is the inverse of a function also a function?

Let us investigate. Consider the graph of f(x) = <2 below. We draw its mirror

image across the line y =X.

y=x2

: : JY=X .

: T s

. s e
g4 U UUTUUTURE SUUPUURRY ..

z Sl e
0t ;
y 4 \
_2..._....'.3".’.....: ................. E‘ .......

/" : :

1 |

1 1

-2 X 0 2

We see that although y=x2 isa function, its inverse, y=++X is not

because it does not pass the vertlcal line test. The problem is that y = x2 isnota

one-to-one function. Whenever this is the case, the inverse will not be a functlon.

A FUNCTION MUST BE ONE-TO-ONE IN ORDER FOR
ITS INVERSE TO BE A FUNCTION.

We can, however, restrict the domain of f(x) x2, thereby making it a one-to

one function. If we define f(x) = x2 for x =0 only, then its graph is simply the
~ right portion of the parabola, and it w111 pass the horizontal line test. Its mverse
“will then also be a function.
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Thus, for x > 0, the inverse of f(x) =x2, fl(x) =X ,isa funéﬁon.

We will use this technique of restricting the domain to make a function one-to-one when we deal
with the trigonometric functions. Because of their periodic nature, none of the trigonometric
functions are one-to-one. Consider f(x) = cos x, for example:

i ;
1 } " 1
-10 5 10

If we restrict the domain of cos x to 0 < x <7, then it becomes one-to one, and its inverse,

Arccos x, will be a function.

Arccos x

\ f(x) =cos x
—f
0 2 T



A FEW FINAL ODDS AND ENDS

If a function is everywhere increasing or everywhere decreasing over 1ts domain, then it is one-to-

one. 1
f(x) ==
| f(x)=x3 (x): X
"""""" 5__ feeeaeanee
2. x E) 2
everywhere increasing over its domain everywhere decreasingsvcr its domain
.3‘_

If £(x) isanodd (symmetric to origin) one-to-one function, then f-1(x) will also be an odd

function. f(x) = x3
0 "ERTRETIPETEEEEES DA l,’ ..... ‘
, f‘l(x)=v;
0 -
y y g
_2__....’.'2'.7. _ ......
g N
T T .
-2 I *x 0 2

If f(x) is one-to-one, and its graph has asymptotes x =2 and y =b, then the graph of f-1(x) has
asymptotes x=b and y = a; if f(x) has x-intercept ¢ and y-intercept d, then £-1(x) has x-intercept

d and y-intercept ¢ (this follows from the domain and range being switched).

sl

I ; :

0 A

o L
.2——--.-’.'-) -------- ':- ------ E --------

.~ 1 | l

1 1 1]

2 x 0 il 4
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SUMMARY OF THE PROPERTIES OF INVERSE FUNCTIONS

Let g(x) be the inverse of f(x), that is, g(x) = f-1(x). Then

fgx)) = gfx)) =

‘i‘\;‘ |
The graphs of f and g are mirror images of each
across the line y =x

If f(a)="b, then gb)=a
The domain and range of f and g are switched. The domain of f is the range of g, and
the range of f is the domain of g.

From Property 3, it follows that:
a. If x=a and y="b are the respective x and y-intercepts of the graph of f,
then x=b and and y=a are the respective x and y-intercepts of the graph of g.
b. If x=c and y=d are respectively the vertical and horizontal asymptotes of
the graph of f, then x=d and y =c are the respective vertical and honzontal
asymptotes of the graph of g.

If f is an odd function, then g is an odd function.

To find thé inverse of a function
1. Switch the x's and y's
2. Solve fory

S S
FATAL ERROR: fl(x) # )
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